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We consider gravitational wave (GW) sources with an associated electromagnetic (EM) counter-
part, and analyze the time delay between both signals in the presence of lensing. If GWs have
wavelengths comparable to the Schwarzschild radius of astrophysical lenses, they must be treated
with wave optics, whereas EM waves are typically well within the approximation of geometric optics.
With concrete examples, we confirm that the GW signal never arrives before its EM counterpart,
if both are emitted at the same time. However, during the inspiral of a binary, peaks of the GW
waveform can arrive before their EM counterpart. We stress this is only an apparent superluminality
since the GW waveform is both distorted and further delayed with respect to light. In any case,
measuring the multi-messenger time delay and correctly interpreting it has important implications
for unveiling the distribution of lenses, testing the nature of gravity, and probing the cosmological
expansion history.
I. INTRODUCTION
Multi-messenger gravitational wave (GW) astronomy
has arrived to revolutionize our understanding of ex-
treme, astrophysical phenomena as well as shedding
new light on different aspects of cosmology and funda-
mental physics. For instance, the time delay between
GW170817, the first binary neutron star detected by the
LIGO/Virgo collaboration [1], and its associated elec-
tromagnetic (EM) counterpart [2, 3] served to set an
impressive constraint on the propagation speed of GW
with respect to the speed of light, |cgw/c − 1| . 10−15;
the graviton mass, mg < 9.51 · 10−22eV/c2 [4]; and, as
a consequence, many dark energy models [5–8]. Still,
GW170817 was a relatively nearby transient, z ≈ 0.01.
Future GW detections may have much higher redshifts,
raising the probability of being lensed by inhomogeneities
in the universe along the line of sight. Since gravitational
lensing introduces additional time delays, it is crucial to
understand those first before interpreting anything about
cosmology or the theory of gravity.
Lensing of waves can be treated using the geometric
optics approximation when the wavelength of the signal
is small compared to the Schwarzschild radius of the lens:
λ  Rs [9–12], otherwise interference becomes relevant
and one must use wave optics. We thus see that for
any GW experiment operating in a given GW frequency
band, e.g. LIGO [13], LISA [14], IPTA [15, 16], wave
effects can be important if the emission is lensed by a
sufficiently small mass.
The multi-messenger time delay taking into account
interference effects for GWs has been studied before.
Different definitions have been made, using either the
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phase [12], group [17] or front velocity [18] of the wave, ar-
riving to contradicting results. In particular, [12, 17] ar-
gue that GWs can arrive before its simultaneously emit-
ted EM counterparts, whereas [18] shows that if GWs ar-
rive before light then there would be a violation of causal-
ity (since light in the geometric optics regime takes the
shortest path from the source to the observer), and there-
fore GWs can never arrive before light in the context of
General Relativity.
In this paper, we revisit the multi-messenger time de-
lay in the presence of lensing, and resolve the apparent
contradiction between previous studies. In particular,
we clarify the meaning of the different definitions of time
delay. By considering both simple and realistic exam-
ples, we show that certain features in the GW waveform
are determined by the phase and group peaks and may
indeed appear to arrive in advance to the correspond-
ing feature in the EM signal. However, simultaneously
turned on GW and EM signals will arrive at the same
time, since the front velocity of GWs coincides with that
of light. We thus conclude that there is no superluminal
propagation of GWs. Instead, interference and amplifica-
tion along multiple paths distorts the GW signal and this
can cause the phase peaks of the signal to appear in ad-
vance. This apparent superluminality of the phase time
delay does not represent a signal that actually propagates
superluminally, although there can still be observational
consequences if there is an EM counterpart that also car-
ries this phase information. Analogous arguments hold
for the group time delay.
This paper is organized as follows. In Section II we de-
fine the various time delays between GW and EM waves.
We employ the geometric approximation for EM waves,
and wave optics for GW. We consider a point lens as
an example, and discuss the different definitions of time
delay, and their behaviour. In Section III we consider
a toy situation of a low-frequency sinusoid signal mod-
ulated by a Gaussian. In this case we compare the ar-
rival time of GW to light, and discuss the apparent early
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FIG. 1. Diagram of lensing scenario. The observer (detec-
tor configuration, left) receives emission from a GW source
(compact binary, right), through a lens (blue circle, middle).
Short-wavelength (yellow) emission propagates on a path with
minimum time delay whereas long-wavelength emission (blue)
effectively propagates through multiple paths leading to inter-
ference and a non-vanishing time delay between the two for
signals emitted at the same time.
arrival of the GW signal. In Section IV we study the
lensing of a realistic GW emission from a binary black
hole, from inspiral to ringdown. Finally, in Section V we
summarize our findings and discuss their consequences
for multi-messenger scenarios.
II. GRAVITATIONAL LENSING TIME DELAY
A. Time Delays
Let us consider the lensing scenario illustrated in
Fig. 1. Here, DL, DS and DLS correspond to the comov-
ing angular diameter distances from the observer to the
lens, from the observer to the source, and from the lens
to source, respectively. Also, ~θS is the angular position
of the source with respect to the lens, in the absence of
the lens. Due to lensing, a source located at an unlensed
angular position ~θS will have its lensed positions ~θ shifted
due to all of the possible deflected paths around the lens.
For a given ~θ, the time delay between the lensed and un-
lensed path in the thin lens approximation is determined
by:
td(~θ, ~θS) ≈ (1 + zL)
c
DLDS
2DLS
|~θ − ~θS |2 + tΦ(~θ), (1)
where zL is the redshift of the lens. The first piece is the
geometric time delay and tΦ is the Shapiro time delay
from the time dilation due to traversing a lensed path s
through the gravitational potential Φ:
tΦ ≈ − 2
c3
∫
Φds. (2)
In geometric optics, we define the images and their asso-
ciated time delays by finding the stationary trajectories
around which δtd = 0 in accordance with Fermat’s prin-
ciple. In particular, one of the images corresponds to the
minimum td and so we would expect that no GW signal
can arrive earlier than high-frequency EM signals, even
in the wave optics limit.
In wave optics, the wavelength is larger than the path
difference between the multiple possible images, and
therefore interference becomes relevant. In that case,
there will be only one image formed from the superposi-
tion of all paths. One can define the amplification factor
F that multiplies the wave in Fourier space and takes
into account all possible paths arriving to the observer.
In particular, in the thin lens approximation, it is given
by [19]:
F (ω, ~θs) =
DLDS
DLS
(1 + zL)
c
ω
2pii
∫
d2θeiωtd(
~θ,~θS), (3)
where ω is the angular frequency of the lensed wave. The
temporal profile of the lensed wave at the observer posi-
tion will include all possible frequency components and
will thus be described by:
SL(t, ~θS) =
1
DS
∫
dω
2pi
eiω(DS/c−t)F (ω, ~θS)Sω, (4)
where we have ignored the polarization of the wave, and
thus this expression can be applied to both gravitational
and electromagnetic waves. Here, Sω =
∫
dteiωtS(t) is
the Fourier transform of the unlensed wave source S(t),
with time referenced to the emission epoch.
In wave optics, the time delay has been defined in dif-
ferent ways in the literature, using either the phase [12],
group [17] or front velocity [18] of the wave. Depending
on the particular feature we are interested in for the GW
signal, the time delay will be given by one or another of
these delays.
The front velocity is associated with the causal prop-
agation of a signal that is suddenly turned on. Since the
front is effectively discontinuous it is defined by high fre-
quency modes and thus, by construction, the GW front
will arrive at the same time as light (i.e. both arrival
times will be given by the geometric optics time delay
td). Therefore, we expect no time delay between light
and GWs emitted at the same time. For example, we
would not know from GWs that a merger of compact bi-
naries occurred before light. This intuitive description
agrees with the results in [18].
We can also define a time delay tp associated to the
net phase shift ∆φ ≡ ωtp of a monochromatic wave as:
tp(ω, ~θS) = − i
ω
ln
(
F (ω, ~θS)
|F (ω, ~θS)|
)
. (5)
Notice that tp is not the average of td over all possible
paths, but rather tracks the phase of the average amplifi-
cation. This time delay therefore characterizes the arrival
time of peaks and troughs of a monochromatic, or tem-
porally infinite plane wave, in the wave optics regime.
As we shall see, it does not directly represent a time de-
lay of a signal with a definite emission and arrival time.
We emphasize that the amplification factor is defined in
3such a way that for ω → 0, where the long wavelength
prevents F from being dominated by paths close to the
lens, F → 1 and there is no lensing amplification at all.
The phase delay tp as a fraction of the period also goes
to zero tpω → 0, even though its absolute value can grow
due to the definition in Eq. (5).
Since the phase shift is generically frequency depen-
dent, it will lead to distortions of wavepackets containing
multiple frequencies. In this case, the features of the
overall wavepacket, which in principle can be temporally
localized and carry a signal, are expected to have arrival
times given by the delay of the stationary phase point,
in analogy to the group velocity:
tg(ω, ~θS) = tp(ω, ~θS) + ω
∂tp(ω, ~θS)
∂ω
, (6)
which corresponds to setting ∂(φ + ∆φ)/∂ω = 0. We
shall see that this also does not necessarily correspond to
the delay in the arrival time of a signal given that lensing
also distorts the group waveform.
In what follows, it will be useful to work in a set of
dimensionless units for a lens of mass M at redshift zL:
angles in units of the Einstein ring radius
θE =
√
4GM
c2
DLS
DLDS
, (7)
and time delays in units of the dilated Schwarzschild di-
ameter crossing time
tM = 4GM(1 + zL)/c
3. (8)
As a rule of thumb, it is useful to remember that for 1M
at zL = 0, tM ≈ 20µs. With these units in hand we can
define the following dimensionless parameters:
~x =
~θ
θE
, ~y =
~θS
θE
, w = tMω; (9)
and the dimensionless time delay:
T∗ =
t∗
tM
, (10)
(for any arrival time, e.g. ∗ ∈ {d, p, g}). Conveniently, the
dimensionless frequency can also be written in terms of
the Schwarzschild radius of the lens Rs and the redshifted
wavelength of the signal w = 4piRs(1+zL)/λ, so that the
condition to be in the wave-optics limits can be simply
stated as
w < 2pi . (11)
Finally, in our convention, time delays are defined such
that T∗ = 0 in the absence of lensing. If T∗ > 0, then
lensed signals arrive after the unlensed signal. Note that
this absolute sense of time delay is often not preserved
in the literature [12, 18, 20] since only relative time de-
lays are observable. In order to avoid confusion, we will
express our results in terms of the multi-messenger time
delay
∆T∗ = T∗ − T+ , (12)
where T∗ will describe the GW time delay, which can
be given by Tp or Tg, whereas T+ will describe the EM
time delay of the first image (the one with a minimum
arrival time) in the geometric optics limit. Note that
any common offsets in T∗ will cancel out and become
irrelevant for the physical interpretation of the results.
B. Point Lens
For illustrative purposes, we consider a point lens of
mass M . In the Born approximation, we take the lensed
path s as an undeflected path in the line of sight direction
r with impact parameter b from the lens in comoving
coordinates. The lens plane corresponds to r = 0. In
this case, we can evaluate the Shapiro time delay as
tΦ ≈ tM
2
∫ DLS
−DL
dr√
r2 + b2
= − tM
2
ln
√
D2LS + b
2 −DLS√
D2L + b
2 +DL
.
(13)
For θ  1, we can approximate b ≈ θDL and expand
tΦ ≈ − tM
2
[
ln θ2 − ln 4DLS
DL
]
≈ −tM ln θ. (14)
In the second approximation we have assumed that DL
and DLS remain finite and comparable, and so the time
delay is dominated by the ln θ factor for θ  1. The
approximation (14) should not be extrapolated to θ & 1,
where it would break down and predict negative time
delays while tΦ is always positive in Eq. (13).
Including the geometric term, the dimensionless time
delay becomes
Td =
1
2
[
(x cosα− y)2 + x2 sin2 α)]− lnx− ln θE , (15)
where recall ~x = ~θ/θE , ~y = ~θS/θE and we have oriented
the source at α = 0 in the polar coordinates (x, α) of the
transverse plane.
The amplification factor then becomes
F (w, ~y) =
w
2pii
∫ ∞
0
xdx
∫ 2pi
0
dαeiwTd
=
w
i
e−iw ln θE
∫ ∞
0
xdxeiw(x
2+y2)/2x−iwJ0(xwy)
= ν1−νe2ν ln θEΓ (ν)Lν
(−ν y2) , (16)
where ν = −iw/2 and Ln(z) is the Laguerre polynomial.
Note that this expression is equivalent to the standard
one quoted in the literature in terms of hypergeometric
functions [20], but we have explicitly included the global
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FIG. 2. Difference in the phase delay ∆Tp (solid lines) and
group delay ∆Tg (dashed lines) with respect to the first arrival
of light in geometric optics, in units of the Schwarzschild di-
ameter crossing time tM and as a function of the frequency ω,
for three different source angles with respect to the Einstein
ring radius y = 0, 0.5, 1 of a point mass lens. ∆T∗ < 0 cor-
responds to cases with an apparent arrival of the GW signal
before light (shaded region). We display arrival time delays
as w · ∆T∗ to reflect changes relative to the period, e.g. the
phase shift ω ·∆tp, which vanishes as ω → 0.
phase factor ln θE which is normally omitted when work-
ing in dimensionless units since it is common to all paths
(see discussion below Eq. (12)).
In the geometric optics regime, images will form at the
stationary points of the time delay Td:
x± =
1
2
∣∣∣y ±√y2 + 4∣∣∣ , (17)
and are aligned along the source-lens axis with α = 0, pi
for +,− respectively. The time delay of light will then be
given given by evaluating Eq. (15) at the image positions:
T±(y) =
1
4
[
y2 + 2∓ y
√
y2 + 4
]
− ln x± − ln θE , (18)
where we have included a common delay for the two im-
ages (− ln θE) typically neglected in the literature. This
factor is only important for the interpretation of the time
delay with respect to a hypothetical unlensed signal. The
same offset will arise for the GW time delay T∗ from the
global phase factor and thus will not affect the multi-
messenger time delay ∆T∗ of Eq. (12). Note, however,
that the total F function encodes the information on all
the possible images, and therefore Tp and Tg describe de-
lays for the total waveform, whereas the EM time delay
T+ describes the time delay of one EM image only. As
a result, ∆Tp will not vanish for a point lens in the high
frequency limit. Nevertheless, in that limit, the first ar-
rival of GWs will coincide with a that of a simultaneously
emitted EM signal.
For comparison, we plot in Fig. 2 the difference be-
tween the GW shift wTp,g and EM shift wT+, w∆Tp,g as
a function of the frequency, for three different values of
the source location. This highlights the arrival time dif-
ferences in units of the period of the wave. Notice that
as w → 0, this quantity always goes to zero from the
negative side.
On the other hand, since both ∆Tp and ∆Tg are nega-
tive in the low-frequency limit, the GW phase and group
arrival time advances with respect to that of the EM T+
signal, which paradoxically takes the minimum time de-
lay path. Mathematically, this behaviour can be under-
stood explicitly by considering the limit of small frequen-
cies, w  1, in which case the GW arrival time becomes
independent of the impact parameter [12]:
Tp ≈ 1
2
[
γE + ln
(w
2
)]
− ln θE +O(w lnw) , (19)
Tg ≈ 1
2
[
1 + γE + ln
(w
2
)]
− ln θE +O(w lnw) , (20)
where γE is the Euler constant. Noticeably, these expres-
sions diverge for w → 0. The divergence cannot of course
represent the actual time delay of a signal since it would
indicate that a signal can be received before it is emit-
ted. In fact, as mentioned above, limw→0 F = 1 and the
actual waveform is not distorted by lensing. Instead, it is
a mathematical artifact due to the fact that an infinites-
imal phase shift of the GW or wavepacket center relative
to its width can produce a logarithmically divergent shift
in time since the period or width goes to infinity. One
can view this as a consequence of the sampling theorem:
a wavepacket with only low frequency components can
be fully represented by a coarse sampling in time. In this
view, the phase time delay at low frequencies is an un-
certainty in the temporal domain rather than a physical
delay.
This limiting case already indicates that the phase and
group advance should not be viewed as the ability to send
GW signals faster than light. Indeed, as argued in [18],
this is manifestly apparent in the definition of the ampli-
fication F : the geometric optics path corresponding to
T+ is the one that minimizes the travel time and super-
imposing other paths can only further delay the signal.
From Fig. 2 we also see that Tg > Tp and therefore,
depending on the lensing parameters, there could be situ-
ations where the arrival time of the group is delayed with
respect to light, whereas the arrival time of the phase is in
advance. Finally, we notice from Fig. 2 that the time de-
lay ∆Ti is always expected to be a fraction of the period
of the wave in the wave optics regime, with a maximum
of w∆Tp,g ≈ 0.6 (i.e. a tenth of a period or smaller).
This limiting case will happen when y  1 and w ∼ 1.
While the phase or group peak can be measured to high
precision in principle (see e.g. [21]) its interpretation as
an advance or delay relative to light requires a matching
EM signal as we discuss below.
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FIG. 3. Effect of a point mass lens on a sinusoidal signal modulated by a Gaussian. On the left we plot the lensed signal in
arrival time ∆t/tM , relative to the first arrival of light emitted at t = 0, against the unlensed signal (centered so that ∆t = 0).
Although the peak of the lensed signal arrives before light from t = 0, corresponding to the advance ∆Tp in the inset (dashed
line), signals do not propagate superluminally. This can be seen in the right panel where we divide the original signal into two
around t = 0 and show that the division point arrives at the same time as light. The spikes in the half-signals correspond to
the secondary images in geometric-optics, arriving at ∆T−. In both panels, the carrier frequency w0 = 1, the dimensionless
source position y = 0.5 and the Gaussian signal width σ = 10.
III. APPARENT SUPERLUMINALITY
In this section, we study an explicit toy model that
illustrates the different arrival time behaviors associated
with the various meanings of time delay in wave optics
and why no information or signal can travel faster than
light. Let us consider a unlensed signal corresponding to
a single sinusoid modulated by a Gaussian:
S(t) = cos (w0 t/tM ) · e−
1
2σ2
(
t
tM
)2
. (21)
Here the frequency ω0 = w0/tM carries the phase infor-
mation, but no temporal localization, while the Gaussian
modulation defines the group, with a localized emission
centered at t = 0.
In the left panel of Fig. 3, we show the lensed signal
compared to the unlensed one as a function of the ar-
rival or emission time, when taking w0 = 1 (within the
wave optics regime), y = 0.5, and σ = 10. In this figure,
we have plotted the lensed wave in dimensionless time
∆t/tM relative to the arrival time of light emitted at
t = 0 in the T+ geometric optic limit. For the unlensed
wave, we correspondingly plot Eq. (21) with t → ∆t so
that the central peak of the unlensed signal corresponds
to the lensed wave with a time delay relative to light of
∆T = 0. Here we explicitly see that the central peak
of the signal arrives before light (∆t < 0), leading to
the apparent interpretation that GWs in the wave optics
regime propagate faster than light. The inset of the left
panel zooms into the region around the maximum peak
(indicated with a blue dot). The time delay of this maxi-
mum point is well approximated by the phase time delay
∆Tp (indicated in the inset with a vertical black dashed
line).
However, this maximum point in the lensed waveform
does not correspond to emission from the maximum of
the unlensed waveform as one can confirm by dividing
the signal into two parts:
S(t) = S1(t) + S2(t); (22)
S1(t) = [1−Θ(t)]S(t), S2(t) = Θ(t)S(t),
where Θ(t) is the Heaviside step function. Linearity of
the wave equation guarantees that the superposition of
the two lensed waveforms gives the total lensed waveform
as well.
In this case, both signals around the step are domi-
nated by high frequency modes and hence we expect their
discontinuous edge to travel at the front velocity and ar-
rive at the same time as light. This is indeed what we see
on the right panel of Fig. 3, where both lensed signals (or-
ange and green curves) exhibit a step at ∆t = 0. Notice
that the trailing half is strictly zero for ∆t < 0 whereas
the leading half produces contributions for ∆t > 0. This
asymmetry is in accordance with causality and the ad-
ditional delay due to wave optics paths away from the
minimum of the time delay T+. The sum produces the
illusion of a signal propagating superluminally since its
maximum occurs at ∆t < 0. The same logic applies to
nodes of the unlensed waveform. The finite amplitude
of the lensed waveform at the corresponding light arrival
time and the apparent superluminality that it implies
actually arises from the enhanced time delay of emission
from an earlier, not later, epoch.
Also note that in the right panel Fig. 3, the sharp spike
of the lensed S1 and S2 signals for ∆T > 0 correspond
to the second image of the geometric optics regime and
hence they arrive at ∆t/tM = ∆T−. These of course
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FIG. 4. Envelope (cyan) of lensed modulated sinusoid signal
(blue). The maximum of envelope (cyan dot in inset) arrives
at ∆Tg, the group delay with respect to light (black dotted
line), whereas the maximum of the central peak (blue dot in
inset) arrives at ∆Tp, the phase delay (black dashed line).
Here w0 = 1, y = 0, σ = 10.
cancel when the two pieces are superimposed. The fact
that second image is fainter can be seen by comparing
the relative amplitude of the step in S2 at ∆T+ ≡ 0 to
the spike at ∆T− above the rest of the wave.
That the phase delay carries no temporally localized
signal and does not indicate superluminality is a famil-
iar concept from EM waves in a plasma. However in
the GW case, the group delay can also show an appar-
ent superluminality. The temporal localization of the
unlensed waveform is characterized by the Gaussian en-
velope and causes Sω to have a Gaussian spread of fre-
quencies around w0. In Fig. 4 we show this envelope in
the lensed waveform.
The maximum of this envelope can be delayed or ad-
vanced with respect to light, depending on the lensing
parameters. For the values in Fig. 4, the maximum of
the envelope also has an apparent arrival before light.
This is explicitly seen in the inset of Fig. 4, where the
maximum of the envelope is indicated by a cyan dot, and
is seen to arrive at ∆Tg < 0 (indicated by the vertical
black dotted line). However, as demonstrated in Fig. 3,
this advance in the arrival of the group peak again re-
flects a distortion of the waveform due to the net lensing
amplification of multiple paths arriving to the observer
as well as enhanced delay with respect to light rather
than information that propagates superluminally.
IV. LENSED BINARY COALESCENCE
WAVEFORM
With an understanding of the meaning of various time
delays from the simple wave-packet example of the pre-
vious section, we now turn to a realistic waveform from
a binary black hole and show its lensed form from the
inspiral to the ringdown.
Let us first consider when this waveform is in the wave
optics limit. The typical frequency of a compact binary
merger is given by the inner most stable circular orbit
(R ' 3RS) implying a redshifted observed frequency
fgw ' 220(1 + zS)−1(20M/MS)Hz, for a source of mass
MS at redshift zS . Accordingly, wave-optics effects will
be relevant whenever
(1 + zL)ML . 10 (1 + zS)MS , (23)
where zL and ML correspond to the redshift and mass of
the lens, respectively. Alternatively, directly in terms of
the observed frequency, the condition reads
fgw . 5 · 104(1 + zL)−1
(
M
ML
)
Hz . (24)
This means that in the ground-based detector band,
5 − 5000Hz, wave-optics is relevant for lenses between
10 − 103M or smaller. Similarly, in the band of space-
based detectors such as LISA, 10−4− 10−1Hz, the lenses
would be 105−108M or smaller. For PTA, the observed
frequencies range between 10−9−10−6Hz, and thus wave
optics would be relevant for lens masses 1010 − 1013M
or smaller.
As an example where both GW and EM emissions
might be expected during the inspiral phase (e.g. [22–
25]), we consider as a concrete case of a supermas-
sive binary black hole, with masses m1 = 10
6M and
m2 = 3 · 105M, hence a mass ratio q = 0.3. However,
our results can be directly extrapolated to other ranges
of masses by rescaling appropriately the amplitudes and
times. Fig. 5 shows the waveform from inspiral to ring-
down. We further assume a source at redshift zS = 1
with a lens of mass ML = 10
7M at zL = 0.1 and angu-
lar position y = 0.1. We transform redshift to distances
assuming a ΛCDM cosmology with Planck’s 2018 param-
eters [26]. We ignore spin effects and use IMRPhenomD
waveform model [27] implemented in pyCBC [28].
We make an analogous analysis to the previous section,
and show in the left panel of Fig. 5 the total lensed vs
unlensed signal, and in the right panel the signal divided
in two parts at the moment of the merger t = tmerge. We
use the same normalization for time delays as the previ-
ous section. We can see that the peaks of the lensed GW
(blue line) during the inspiral all indeed arrive before the
corresponding peaks of the unlensed signal (black line).
In this example, wave optics is valid throughout the
entire GW emission, with the dimensionless frequency
w varying from ∼ 1 to 2pi in the time span of Fig. 5.
Since at any given time, the GW emitted is monochro-
matic, we expect the peaks of the GW signal to have
time delays well approximated by the phase time delay
Tp. This is indeed what can be seen in the right panel.
The maximum of the two last peaks before the merger are
indicated with orange dots for the lensed wave and grey
dots for the unlensed one. The time difference is given
by Tp (evaluated at the observed frequencies of the GW
signal at the time of arrival of the last two unlensed peaks
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FIG. 5. Effect of a point mass lens on a GW from a compact binary coalescence. We fix ∆t = 0 with the merger time tmerge and
the first arrival of light from this time in geometric optics t+, for the unlensed and lensed signals, respectively. In the left panel
we show the total lensed (blue) and unlensed (black) wave, whereas in the right panel we also show the lensed signal divided
into two parts: t < tmerge and t > tmerge. The peaks of the waveform are delayed by ∆Tp, the phase delay, whereas the merger
front arrives with light. The GW is always in the wave-optics regime given that we have chosen m1 = 10
6M, m2 = 3 ·105M,
zs = 1, ML = 10
7M and zL = 0.1. Since tM = 3.7 minutes, on the left we are observing the last 2 hours before merger and on
the right we zoom-in on the last 6 minutes. Note that the small oscillations and deviations from a discontinuous step around
tmerge on the right panel are just a numerical artifact of the finite maximum frequency of the Fourier transform employed.
before the merger), as shown with black vertical dashed
lines. In this case, while the chirp does carry a signal of
the merger, the phase is arbitrary and cannot temporally
localize the merger event exactly at t = tmerge.
The envelope of the chirp profile does have this merger
time information in principle, and the delay of its peak
is characterized by the group delay Tg at some effective
frequency, as long as all frequencies of the signal are in
the wave optics regime. However, as shown in the previ-
ous section, if the envelope is wide compared to tM , the
peak of the lensed envelope cannot be used to determine
a precise merger time. In these cases, an advance of this
envelope peak relative to light does not reflect superlu-
minal propagation of the merger event.
We can again explicitly verify this by dividing the
gravitational wave signal into two at the merger event
t = tmerge. As in our example of a modulated sinusoid,
the signal coming from t = tmerge is represented by the
steps in the two half signals and arrives simultaneously
with light.
V. MULTI-MESSENGER DISCUSSION
In this paper, we analyze the time delay between si-
multaneously emitted GW and EM signals, in the pres-
ence of lensing. For astrophysical lenses, the lensing of
EM signals is well approximated by the geometric optics
regime. However, GW observations can have wavelengths
that are greater than the Schwarzschild radius of the lens,
in which case lensing must be treated in the wave optics
regime, where interference effects will become relevant.
For these scenarios, we clarify the meaning of different
definitions of time delay based on the phase, group, and
front velocity of GW. We find that the GW features de-
termined by the phase or group evolution of the signal
may appear to arrive in advance to its corresponding si-
multaneously emitted EM signal, in an apparent contra-
diction with causality as light in the geometric optics
regime takes the shortest path from the source to the ob-
server. We argue that this paradox is resolved by noticing
that interference distorts the GW signal and effectively
leads to peaks of the signal to be in advance. However,
we confirm with concrete examples that the front veloc-
ity of GW does coincide with that of light, and therefore
there is no superluminal propagation of GW.
Even though the apparent superluminality of the phase
delay does not represent a signal that actually propa-
gates superluminally, there can still be observational con-
sequences if there is an EM counterpart that also car-
ries this phase information. For supermassive black hole
(SMBH) binaries, there can be EM counterparts with
features that evolve with the binary’s orbit and so are
synchronized with the GW signal in phase. Numeri-
cal simulations show that SMBH binaries in a gaseous
environment develop a central circumbinary cavity sur-
rounded by an accretion disk [29, 30]. This circumbinary
gas will periodically leak into the cavity and create disks
bound to the individual SMBHs, called minidisks [31]. It
is still unclear how long these inner disks live, but if they
live at least for many orbital cycles, then the EM emis-
sion from these minidisks will inevitably have features
due to relativistic Doppler effects which will track the
binary’s motion. This Doppler effect is expected to be
8more dominant for unequal binary mass ratios [32], like
the one we present in Fig. 5. The EM periodic features
could be associated to periodic changes both in the spec-
tra [22, 33] (e.g. shifts in a given emission/absorption
line) or brightness [24, 25]. Another potential scenario
has been proposed in [34] for binaries with a supermas-
sive BH and a white dwarf (WD). In that case, the WD
may be tidally disrupted and exhibit periodic gentle mass
losses for thousands of orbital periods, potentially creat-
ing a relatively long-lived source of gas that accretes into
the black hole and produces a periodically varying EM
radiation tracing the binary’s motion for eccentric orbits.
Another proposal for WD binaries has been discussed in
[35? ] where the prolonged timing of eclipses could also
be used to track the binary’s orbital motion and period
evolution.
Having an EM signal that is synchronized with the
GW inspiral phase has several important implications.
First of all, a multi-messenger pre-merger observation
can be used to localize the event [25], dramatically im-
proving the chances of detecting any post-merger EM
transient. Moreover, when the signals are lensed, the
phase delay before the merger could inform on the time
delays between the possible post-merger multiple images.
Measuring these phase delays could also provide an inde-
pendent constraint on the lens mass model by observing
its frequency evolution over many cycles, as well as on
cosmological parameters such as H0 [36].
In addition, the phase delay can constrain the speed
of GWs, which is a fundamental property of any gravity
theory. Forecasts for constraints on the GW propagation
speed and graviton mass from LISA can be found in [24]
for SMBHs and in [37, 38] for LISA verification binaries.
For instance, constraints on the graviton mass are ex-
pected to improve by 4 orders of magnitude the current
LIGO constraints from waveforms. Therefore, knowing
if the GW is lensed is essential in order to correctly in-
terpret if the delay has an astrophysical or fundamental
origin.
The probability of a given source to be lensed by a
galaxy depends on its distance, lens distribution, and
lensing cross section (determined by the type of galaxy)
[39]. For instance, for a source at redshift z ∼ 1 the
probability is estimated to be of order 10−1 − 10−3. Re-
alistically, whether GW detectors will see lensing in the
wave optics regime will also depend on the population of
compact binaries and experimental sensitivities. Initial
studies for PTA have been made in [12, 21], concluding
that if a hundred of events can be resolved by PTA in
the SKA era [22] then some lensed events will be de-
tected. Even if only one of these events is detected, it
may be used to set competitive constraints on cosmolog-
ical parameters such as H0 [36]. Regarding LISA, differ-
ent formation channels for SMBH binaries were studied
in [40], concluding that LISA might detect up to sev-
eral multiple-image lensed events in the geometric op-
tics regime. Moving forward, diffraction effects could be
identified searching for modulations in the amplitude and
phase of the wave-forms [41]. Alternatively, as we have
seen here, multi-messenger measurements of the phase
lag between GWs and EM radiation can be used to iden-
tify lensed events in wave-optics limit.
Looking to the future, more detailed analyses on how
well the EM counterparts can be uniquely identified to
a host at high redshifts, and how well the EM phase
due to Doppler motion can be measured will be needed
to fully assess the viability of using time delays during
the inspiral of binaries to test gravity and cosmology.
Nevertheless, the multi-messenger time delays described
in this work show potential for extracting independent
observational constraints, and our results help interpret
appropriately the physics of the signals received.
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